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ABSTRACT 
The s t a t e - v e c t o r  of a p l a n e t a r y  a r t i f i c i a l  s a t e l l i t e  
i s  de te rmined  by  u s i n g  Earth-based r a n g e - r a t e  measurements .  The 
s a t e l l i t e  v e l o c i t y  component i n  t h e  d i r e c t i o n  from t h e  p l a n e t -  
c e n t e r  to E a r t h - c e n t e r  i n s t e a d  o f  t h a t  from t h e  s a t e l l i t e  t o  a n  
o b s e r v a t i o n  s t a t i o n  i s  computed i n  a t h e o r e t i c a l  model.  The  
r e l a t i v e l y  s imple  l e a s t  squa res  e s t i m a t i o n  c r i t e r i o n  t h u s  ob- 
t a i n e d  for t h e  c a s e  of a p l a n e t  a t  i n f i n i t e  d i s t a n c e  f a c i l i t a t e s  
t h e  comparison s t u d y  of  numer ica l  methods o f  s o l v i n g  a sys tem of 
n o n - l i n e a r  e q u a t i o n s .  
S i m u l a t i o n  r e s u l t s  o b t a i n e d  by programming i n  doub le  
p r e c i s i o n  show t h a t  t h e  l o n g i t u d e  o f  t h e  a scend ing  node o f  a 
p l a n e t a r y  s a t e l l i t e  can b e  de te rmined  to p r e s c r i b e d  a c c u r a c y  
w i t h i n  a few days o f  t r a c k i n g .  
The comparison s tudy  i s  made among (1) c l a s s i c a l  
d i f f e r e n t i a l  c o r r e c t i o n  method, ( 2 )  Newton-Raphson method, ( 3 )  
g e n e r a l i z e d  d i f f e r e n t i a l  c o r r e c t i o n  method, and (4) g e n e r a l i z e d  
Newton-Raphson method. It i n d i c a t e s  t h a t  t h e  new g e n e r a l i z e d  
d i f f e r e n t i a !  c o r r e c t i o n  method has a convergence r ange  o f  
i n i t i a l  es t imate  w i d e r  t h a n  t h e  o t h e r  methods.  The e x t e n s i o n  
i n  t h e  convergence range  o f  i n i t i a l  e s t i m a t e  enhances t h e  suc-  
c e s s  of  o b t a i n i n g  a p r e l i m i n a r y  s t a t e - v e c t o r  i n  a s h o r t  t r a c k i n g  
p e r i o d  and i s  p a r t i c u l a r l y  i m p o r t a n t  i n  p l a n e t a r y  m i s s i o n s .  
The e f f e c t s  of p e r t u r b a t i o n s  of n o n - c e n t r a l  f o r c e s  on 
t h e  s a t e l l i t e  can b e  i n c o r p o r a t e d  i n  t h e  f o r m u l a t i o n  w i t h o u t  
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DETERMINATION OF ORBITS OF PLANETARY 
ARTIFICIAL SATELLITES AND PLANETARY G R A V I T A T I O N A L  FIELDS 
I .  I N T R O D U C T I O N  
O r b i t  d e t e r m i n a t i o n  i s  c o n s i d e r e d  t o  mean, f o r  a p re -  
s c r i b e d  ma themat i ca l  model, t h e  s t a t i s t i c a l  est i i i ia t ioi?  o f  a 
t r a j e c t o r y  from n o i s y  o b s e r v a t i o n  da ta .  I n  p r i n c i p l e ,  t h e  
g e n e r a l  methods o f  o r b i t  d e t e r m i n a t i o n  and g r a v i t a t i o n a l  f i e l d  
d e d u c t i o n  are ana logous  w h e t h e r  t h e  s p a c e c r a f t  t o  b e  t r a c k e d  i s  
a t e r r e s t r i a l ,  l u n a r ,  p l a n e t a r y ,  or s o l a r  s a t e l l i t e .  However, 
t h e  a v a i l a b i l i t y  o f  o b s e r v a t i o n a l  da ta  i s  s t r o n g l y  dependent  on 
t h e  p a r t i c u l a r  t r a c k i n g  geometry i n v o l v e d ,  and t h e  de te rmina-  
t i o n  o f  a p l a n e t a r y  s a t e l l i t e  o r b i t  i s  i n h e r e n t l y  more compli-  
c a t e d  t h a n  t h a t  of a t e r r e s t r i a l  or l u n a r  s a t e l l i t e  o r b i t .  For 
example,  t h e  p r e l i m i n a r y  s t a t e - v e c t o r  o f  an  E a r t h  s a t e l l i t e  can 
be approx ima te ly  e s t a b l i s h e d  by a number o f  o b s e r v a t i o n  s t a -  
t i o n s ,  each  l o c a t e d  a t  a d i f f e r e n t  l a t i t u d e  and making range-  
r a t e  measurements or a combinat ion o f  r a n g e  and a n g u l a r  measure- 
ments  i n  a r e l a t i v e l y  s k g r t  t r a c k i n g  i n t e r v a l ,  s ay  a few 
r e v o l u t i o n s  o f  t h e  E a r t h  s a t e l l i t e .  The s i t u a t i o n  i s  q u i t e  
d i f f e r e n t  f o r  Ear th-based  t r a c k i n g  o f  a l u n a r  or p l a n e t a r y  
s a t e l l i t e .  E x i s t i n g  t r a c k i n g  f a c i l i t i e s  a r e  c a p a b l e  o f  measur- 
i n g  a n g u l a r  p o s i t i o n  w i t h  an o p t i m i s t i c  one-sigma u n c e r t a i n t y  
o f  O . 0 l o ,  which c o r r e s p o n d s  t o  about  65 km and 1 2 , 0 0 0  km, 
r e s p e c t i v e l y ,  a t  t h e  l u n a r  d i s t a n c e  and a t  Mars d i s t a n c e s  dur-  
i n g  o p p o s i t i o n s .  Accord ingly ,  a t  such  l a r g e  d i s t a n c e s  t h e  
u n c e r t a i n t y  of a n g u l a r  measurements i s  n o t  compa t ib l e  w i t h  t h e  
c o n s e r v a t i v e  one-sigma u n c e r t a i n t i e s  of  1 0  m/sec (S-band a t  
60-second sample r a t e )  f o r  r a n g e - r a t e  and 1 0  m ( l i g h t - s e c o n d )  
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Because o f  t h e  slow r e l a t i v e  " r o t a t i o n a l "  mot ion  be- 
tween t h e  E a r t h  and a n o t h e r  p l a n e t ,  t h e  o r i e n t a t i o n  p l a n e  o f  
a p l a n e t a r y  s a t e l l i t e  as viewed f rom an  o b s e r v a t i o n  s t a t i o n  
on t h e  E a r t h  does  n o t  change v e r y  much w i t h i n  a few r e v o l u -  
t i o n s  o f  a p l a n e t a r y  s a t e l l i t e .  Viewing from s t a t i o n s  l o c a t e d  
= ~ t  d i f f e r e n t  sites on t h e  Ea r th  does  n o t  improve t h e  " r e s o l u -  
t i o n "  because  t h e  a n g u l a r  s e p a r a t i o n  i s  n e g l i g i b l e .  I n  f a c t  
t h i s  i s  why t h e  s p e c t r o s c o p i c  b i n a r y  s ta r  t e c h n i q u e  f a i l s  to 
y i e l d  i n f o r m a t i o n  on t h e  l o n g i t u d e  o f  t h e  a s c e n d i n g  node.  To 
c i r cumven t  t h e  d i f f i c u l t y ,  t h e  t r a c k i n g  i n t e r v a l  must b e  ex- 
t ended  s o  t h a t  data p o i n t s  a r e  spaced  fa r  enough a p a r t  i n  t i m e  
and i n  p o s i t i o n  t o  e n s u r e  s i g n i f i c a n t  u n c o r r e l a t e d  measure-  
ments .  An a l t e r n a t i v e  i s  to p l a c e  a n o t h e r  o b s e r v a t i o n  s t a t i o n  
f a r  from t h e  E a r t h  s t a t i o n .  
I n  t h i s  pape r  t he  p l a n e t a r y  s a t e l l i t e  v e l o c i t y  com- 
ponen t  i n  t h e  d i r e c t i o n  from t h e  c e n t e r  o f  t he  p l a n e t  to t h e  
c e n t e r  of t h e  E a r t h  i n s t e a d  o f  t h a t  i n  t h e  c o n v e n t i o n a l  d i r e c -  
t i o n  from t h e  s a t e l l i t e  t o  an o b s e r v a t i o n  s t a t i o n  on t h e  E a r t h  
i s  computed i n  a ma themat i ca l  model .  The l e a s t  s q u a r e s  e s t i -  
m a t i o n  c r i t e r i o n  o b t a i n e d  t h i s  way i s  r e l a t i v e l y  s imple  f o r  
t h e  c a s e  of  a p l a n e t  assumed a t  i n f i n i t e  d i s t a n c e  from t h e  
E a r t h .  T h i s  s i m p l i f i c a t i o n  f a c i l i t a t e s  compar ison  s t u d i e s  of  
n u m e r i c a l  methods o f  s o l v i n g  a s y s t e m  o f  h i g h l y  n o n l i n e a r  
e q u a t i o n s .  For t h e  a c t u a l  case  of  f i n i t e  d i s t a n c e  between 
t h e  E a r t h  and a p l a n e t ,  the  l e a s t  s q u a r e s  e s t i m a t i o n  c r i t e r i o n  
t h u s  o b t a i n e d  i s  s l i g h t l y  d i f f e r e n t  f rom t h a t  of t h e  conven- 
t i o n a l  approach .  I t s  i m p l i c a t i o n s  are d i s c u s s e d  i n  S e c t i o n  
V I .  
The c l a s s i c a l  d i f f e r e n t i a l  c o r r e c t i o n  method of 
o r b i t  d e t e r m i n a t i o n  r e q u i r e s  a n  i n i t i a l  s t a t e - v e c t o r  es t imaie  
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process of differential correction will converge to the solu- 
tion. The constraint on the initial estimate in the classical 
differential correction method is a consequence of lineariza- 
tion of the highly nonlinear dynamical equations of motion of 
the spacecraft. For terrestrial or lunar satellite orbit 
determination, the present model of the Earth-Moon system and 
our present tracking capability are accurate enough to supply 
an initial state-vector estimate within the convergence range 
of the classical differential correction process. However, 
because of imperfect mathematical models of the planetary 
systems, uncertainties in physical constants, and possible 
malfunction in athe final orbit injection mechanism, initial 
estimates of the state-vector for a planetary satellite may 
not be within the range of convergence. Accordingly, it is 
desirable to devise a different or complementary orbit deter- 
mination program that has a wider convergence range of initial 
estimate than the classical differential correction method. 
The orbit determination program presented herein is an attempt 
in that direction. Comparison studies indicate that the new 
numerical method of solving a system of nonlinear equations 
indeed widens the convergence range of initial estimate. 
Simulation results show that the state-vector of a 
planetary satellite can be determined to prescribed accuracy 
within a few days of tracking. The effects of perturbations 
of non-central forces on the satellite can be incorporated 
in the formulation without resorting to numerical integra- 
t ion. 
The paper is intended to present a self-contained 
study of the orbit determination of an artificial satellite. 
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11. FORMULATION OF MATHEMATICAL MODEL 
Consider  a u n i t  sphe re  w i t h  c e n t e r  P a t  t h e  c e n t e r  o f  
a p l a n e t .  L e t  - r and - b e ,  r e s p e c t i v e l y ,  t h e  i n s t a n t a n e o u s  
r a d i u s  v e c t o r  and v e l o c i t y  v e c t o r  o f  a s a t e l l i t e  r e l a t i v e  t o  
t h e  dynamical  c e n t e r  P o f  t he  p l a n e t .  L e t  t h e  o r t h o g o n a l  
r i g h t  handed c o o r d i n a t e  system X Y Z  w i t h  i t s  o r i g i n  a t  P b e  t h e  
n o n - r o t a t i n g  " i n e r t i a l "  r e f e r e n c e  s e l e c t e d  a t  an i n i t i a l  t i m e  
of t r a c k i n g  to .  A t  t = to  t h e  Y-axis i s  chosen  t o  l i e  i n  t h e  
o r b i t a l  p l a n e  of t h e  p l a n e t ,  t h e  -Z-axis t o  p o i n t  a t  t h e  c e n t e r  
o f  t h e  E a r t h ,  and t h e  X-axis t o  b e  t h e  p r i n c i p a l  a x i s  p o i n t i n g  
i n  a n o r t h e r l y  d i r e c t i o n  as shown i n  F i g u r e  1. A second o r t h o -  
g o n a l  c o o r d i n a t e  s y s t e m  x l y l z f  w i t h  i t s  o r i g i n  a t  P i s  a t t a c h e d  
t o  t h e  r o t a t i n g  l i n e  connec t ing  t h e  c e n t e r s  o f  t h e  p l a n e t  and 
t h e  E a r t h  s o  t h a t  a t  t = to  the  two c o o r d i n a t e  sys tems c o i n c i d e .  
The p l a n e  x l y l  i s  t h e  s o - c a l l e d  p lane-of - the-sky  which i s  
a l w a y s  p e r p e n d i c u l a r  t o  t h e  l i n e  j o i n i n g  t h e  c e n t e r s  o f  t h e  
E a r t h  and t h e  p l a n e t .  
W-ith r e s p e c t  t o  t h e  " i n e r t i a l "  p l a n e  XY ( t h e  p l ane -  
of- the-sky a t  t = to )  t h e  o r i e n t a t i o n  o f  t h e  o r b i t a l  p l a n e  i s  
u n i q u e l y  d e f i n e d  as shown i n  F i g u r e  1 by t h e  l o n g i t u d e  o f  t h e  
a s c e n d i n g  node Q, t h e  i n c l i n a t i o n  i ,  and t h e  argument o f  p e r i -  
p l a n e t  W. The r a n g e s  of t h e s e  t h r e e  a n g u l a r  e l emen t s  a re :  
The s a t e l l i t e  v e l o c i t y  component i n  t h e  d i r e c t i o n  o f  t h e  p l a n e t -  
E a r t h  l i n e  can be  e x p r e s s e d  i n  terms o f  t h o s e  a n g l e s .  L e t  - r ,  
t h e  r a d i u s  v e c t o r  o f  t h e  s a t e l l i t e  w i t h  r e s p e c t  t o  t h e  p l a n e t  
b e  r e p r e s e n t e d  as:  
h 
r = r r  , - - 
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where r i s  t h e  magnitude of t h e  r a d i u s  v e c t o r  E, and 
A 
r i s  t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  o f  - r .  - 
The v e l o c i t y  v e c t o r  t h e r e f o r e  i s :  
where ? i s  t h e  r a t e  of change o f  t h e  t r u e  anomaly f ,  
r i s  t h e  u n i t  v e c t o r  p e r p e n d i c u l a r  t o  t h e  r a d i u s  
v e c t o r  - r and i s  i n  t h e  d i r e c t i o n  o f  mot ion ,  




@ i s  t h e  a n g l e  between - r and  - G. 
It can b e  shown t h a t  f o r  a K e p l e r i a n  o r b i t  
and 
1/2 
rr? = [ P 2 1  ( l + e  c o s f )  , 
a(1-e ) 
(4) 
where a i s  t h e  semi-major a x i s  o f  t h e  s a t e l l i t e  o r b i t ,  
e i s  t h e  e c c e n t r i c i t y  o f  t h e  o r b i t a l  e l l i p s e ,  and 
1-1 i s  t h e  g r a v i t a t i o n a l  parameter. 
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Accordingly ,  e q u a t i o n  ( 2 )  t akes  t h e  form 
The components o f  t h e  v e l o c i t y  v e c t o r  - i n  t h e  " i n e r t i a l "  
frame XYZ a t  t = to  are:  
When t > to,  t h e  o r i e n t a t i o n  o f  t h e  E a r t h  r e l a t i v e  
t o  t h e  p l a n e t  changes i n  such a way t h a t ,  u s i n g  t h e  -Z-axis 
and t h e  YZ-plane as r e f e r e n c e s ,  t h e  - z ' - a x i s  p o i n t s  toward t h e  
c e n t e r  of t h e  E a r t h  i n  a d i r e c t i o n  d e f i n e d  by t h e  p l a n e t o c e n -  
t r i c  r i g h t  a s c e n s i o n  a and d e c l i n a t i o n  6 .  The v a l u e s  o f  a and 
6 can  be  computed from t h e  r e l a t i v e  mot ions  o f  t h e  E a r t h  and 
p l a n e t  w i t h  t h e  a i d  o f  t h e  ephemerides .  The c o r r e s p o n d i n g  
o r i e n t a t i o n  change of t h e  x 'y ' -p lane  due t o  t h a t  o f  t h e  -z ' -  
a x i s  can b e  o b t a i n e d  from t h e  f o l l o w i n g  t r i g o n o m e t r i c  r e l a t i o n s  
i n  terms o f  E u l e r  a n g l e s  R ' ,  i f ,  and  w 1  w i t h  r e s p e c t  t o  t h e  
XY-plane: 
-1 s i n 6  = s i n  - s i n i  ' 
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F o r  vanishing declination 6, Q' vanishes and the inclination i' 
is equal to the right-ascension, as they should. In general, 
i', Q', o r  a ,  6 are functions of time. (Fig. 1 shows the case 
corresponding to Q' = 0.) 
The transformation matrix N that converts the quanti- 
ties in the XYZ frame into the x'y'z' frame is: 
C O S R ~ C O S ~ ' - S ~ ~ R ~ ~ ~ ~ ~ ' C O S ~ '  sinn'cosw'+cosR sinw'cosi  sinw'sini' 
N = -c~Q'sinw'-sin~~cosw'cosi~ -sinn'sin~'+cos~'cosw" cosw'sini' 
sinfi'sini' -cos n sini cosi' 
( 9 )  
I 
The component of the satellite velocity in the direction of 
the -z'-axis is the radial velocity and is represented by: 
n 
sini cosi'-cosR cosi sini' COSR' p(1+2e cosf+e ; . . ( - z ' )  = - 2 a(1-e ) - - 
- sinn cosi sini' sinn')sin(w+f++) 
7 
n 
The components normal to 2' can also be obtained. By elimina- 
ting $, equation (10) takes the form: 
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- ( C O S R  C O S R '  t s i n 0  s i n R ' ) c o s i  s i n i ' ] [ c o s ( w + f )  + e c o s 0 1  
For convenience  w e  l e t  t h e  r i g h t  s i d e  o f  e q u a t i o n  (11) b e  desig- 
n a t e d  as H ,  t h e  computed v a l u e  o f  t h e  v e l o c i t y  component i n  t h e  
- z '  d i r e c t i o n ,  and t h e  l e f t  s i d e ,  t h e  c o r r e s p o n d i n g  observed  
v a l u e .  For i '  = 0 and R' = 0 ,  e q u a t i o n  (11) r e d u c e s  e x a c t l y  t o  
t h e  s o l u t i o n  o f  t h e  c l a s s i c a l  s p e c t r o s c o p i c  b i n a r y  s t a r  t e c h -  
n i q u e  [I]: 
With s u f f i c i e n t  o b s e r v a t i o n a l  da ta  i n  Doppler  form, 
es t imates  o f  t h e  s t a t e - v e c t o r  ( a ,  e ,  T, R ,  i ,  w )  and t h e  
p l a n e t  g r a v i t a t i o n a l  pa rame te r  can be o b t a i n e d  from e q u a t i o n  
(11) w i t h  t h e  a i d  of  Kepler ' s  e q u a t i o n  
2 - 1/2 - 1 h - e  2v2 s i n f l  e[ (1-e 
l + e  c o s f  
J 
L l + e  cosf ( t - T )  = s i n  
where m i s  t h e  mean anomaly and T i s  t h e  t ime o f  p e r i p l a n e t  
p a s s a g e .  It  i s  s e e n  t h a t  t h e  g r a v i t a t i o n a l  parameter P i s  an  
i n t e g r a l  pa r t  of p a r a m e t e r  e s t i m a t i o n  p r o c e s s e s  i n  e q u a t i o n  
(11). 
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111. OBSERVED AND KNOWN QUANTITIES 
Equa t ion  (11) a s  it s t a n d s  i s  v a l i d  on ly  f o r  o b s e r -  
v a t i o n s  t a k e n  a t  t h e  c e n t e r  o f  a n o n - r o t a t i n g  E a r t h ,  which i s  
assumed a t  a n  i n f i n i t e  d i s t a n c e  from a p l a n e t .  I n  a c t u a l  
s i t u a t i o n s ,  however, o b s e r v a t i o n  s t a t i o n s  are on t h e  s u r f a c e  
of  t h e  r o t a t i r ? g  E~rth, which i s  a t  a v a r i a b l e  f i n i t e  d i s t a n c e  
from a p l a n e t .  To t a k e  account  of t h e s e  e f f e c t s ,  e q u a t i o n  
(11) has t o  be g e n e r a l i z e d .  
I n  F i g u r e  2 ,  p o i n t s  S o ,  E ,  and P a re ,  r e s p e c t i v e l y ,  
t h e  c e n t e r s  of  t h e  Sun, E a r t h ,  and p l a n e t .  S i s  t h e  p o s i t i o n  
of a p l a n e t a r y  s a t e l l i t e  and 0 i s  t h e  p o s i t i o n  of t h e  o b s e r v e r  
on t h e  s u r f a c e  of t h e  E a r t h .  V e c t o r i a l l y  t h e  p l a n e t a r y  satel-  
l i t e  r a d i u s  v e c t o r  - r can  be e x p r e s s e d  as:  
where - D i s  t h e  v e c t o r  between t h e  c e n t e r s  of  t h e  E a r t h  
and t h e  p l a n e t ,  
- R i s  t h e  v e c t o r  between t h e  c e n t e r  o f  t h e  E a r t h  
and t h e  o b s e r v e r  a t  0, and 
- p i s  t h e  v e c t o r  between t h e  s a t e l l i t e  S and t h e  
o b s e r v e r  a t  0. 
The component of  - i n  t h e  p l a n e t - E a r t h  d i r e c t i o n  can  be  decom- 
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For g e n e r a l  c a s e s  the three te rms  on t h e  r i g h t  side of  equa- 
t i o n  ( 1 5 )  can  be o b t a i n e d  s e p a r a t e l y .  
are known q u a n t i t i e s .  
t h e  Ea r th  o b s e r v e r  a l o n g  t h e  E a r t h - p l a n e t  l i n e  and can  be 
c a l c u l a t e d ,  u s i n g  d a t a  of known accuracy .  The d i s t a n c e  - D 
between t h e  E a r t h  and p l a n e t  i s  known on ly  i n  terms o f  t h e  
a s t r o n o m i c a l  u n i t ,  which has  a n  u n c e r t a i n t y  i n  terms o f  
a b s o l u t e  d i s t a n c e .  
l a t ed  as below from t h e  v e c t o r  r e l a t i o n s  i n  F i g u r e  2 
The t e rms  - -  fi*iv and - -  b a g  
- -  f i e ;  i s  due t o  t h e  d i u r n a l  mo t ion  o f  
The magnitude o f  t h e  term - 6 can  b e  c a l c u -  
h A 
- D = LE - RP = q ( a . u . ) L E  - s ( a . u . ) ~ ~  
where R and RP a re ,  r e s p e c t i v e l y ,  t h e  v e c t o r s  between t h e  -E 
c e n t e r s  o f  t h e  Sun So and t h e  e a r t h  E and between 
t h e  c e n t e r s  of  t h e  Sun and t h e  p l a n e t  P ,  
R -E 
t h e  d i r e c t i o n  o f  LE and Lp, and 
q and s a r e ,  r e s p e c t i v e l y ,  t h e  d i s t a n c e s  i n  a . u .  
f rom t h e  sun t o  t h e  E a r t h  and t o  t h e  p l a n e t .  
* h 
and LP a re ,  r e s p e c t i v e l y ,  t h e  u n i t  v e c t o r s  i n  
Tak ing  t h e  t i m e  d e r i v a t i v e  o f  e q u a t i o n  ( 1 6 ) ,  w e  have 
where e p  and e E ,  g e n e r a l l y  n o t  i n  t h e  same p l a n e ,  a r e ,  
r e s p e c t i v e l y ,  t h e  Eii2gles between t h e  vernal equinox 
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A A 
R and LE are, respectively, the unit vectors -P I J. 
perpendicular to LP and LE and in the directions 
of motion of the planet and the Earth. 
A 
The term - -  6-z' then is 
A l l  the quantities within the bracket of equation (18) can be 
obtained from the ephemerides. 
In tracking a planetary satellite from the Earth, 
the periodic Doppler shift curve with zero crossings (at 
instances when the satellite velocity vector is perpendicular 
to the - z'-axis) will have maximum amplitude when its orbit is 
viewed edgewise (i near 2 )  and approach vanishing amplitude 
when viewed transversely (i near zero). On the other hand, 
- -  6.;' is the same whether the orbit is viewed edgewise or 
transversely. The implication is that the observational data 
from orbits viewed edgewise are affected much less by the 
uncertainty in a.u. than those viewed transversely. From 
this point of view we can conveniently consider the uncertain- 
ty in a.u. as a biased noise which can be removed by curve 
fitting processes after acquisition of sufficient data. 
t c !  be nhserved-  a n d  can be decomposed by letting 
IT 




















BELLCOMM, INC. - 12 - 
where and p are, respectively, the observed range-rate 
and range between the observer and the satellite, 
e1 is the unit vector perpendicular to - p and is in 
the direction of motion, and 
6 is the rate at which - p changes its direction. 
A 
P - 
Taking the component of - in the planet-Earth direction yields: 
Equation (20) indicates that complete evaluation of the term 
e*z for a finite Earth-planet requires three simultaneous 
measurements: (a) range-rate, (b) range, and (c) angular 
position of the satellite. 
distance equation ( 2 0 )  can be evaluated by range-rate measure- 
ments alone, For these two special cases the state-vector 
and p can be determined from equations (11) and ( 1 3 )  with 
relative ease by any curve fitting procedure, say, the 
weighted least squares method for an over-determined 
system. 
comparison studies among methods of solution of a system of 
nonlinear equations, the case of infinite distance will be 
used in Sections IV and V. 
* A  
For an infinite Earth-planet 
For simplicity in carrying out simulations and 
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For general cases of practical interest the distance is 
always finite, although large, and measurements involving only 
range-rate are preferred. Then equation (20) appears in a mixed 
form of a measured quantity and quantities which are functions of 
the state-vector to be estimated. The mixed form does not present 
any difficulty for statistical estimation of the state-vector. The 
estimation criterion for gene ra l  cases  of mlxed fzrm ir! e q u a t i o n  
(20) will be developed and simulations described in Section VI. 
To avoid unknown refraction effects of the planetary atmo- 
sphere and ionosphere only those observational data which do not 
involve atmospheric and ionospheric penetration should be used. 
IV. SOLUTIONS OF THE NONLINEAR EQUATIONS 
The solution of the system of transcendental equations 
(11) and ( 1 3 )  requires a minimum of seven simultaneous measure- 
ments of range-rate to determine seven unknowns. For an over- 
determined system, methods such as the weighted least squares are 
appropriate and can yield a more accurate estimate of the solution. 
Analytic methods for the solution of such a highly nonlinear system 
of equations are usually very difficult, therefore, numerical 
methods suitable for digital computers are of interest. 
least squares method that yields a "best fit" to minimize the 
residuals in the measurements. Thus, the state-vector (including 
1-1 from here on) that minimizes the weighted sum of the squares of 
the differences between the measurements and corresponding com- 
puted theoretical values constitutes the solution to the orbit 
determination problem in a statistical sense. Suppose a sequence 
Of measurements M,,M,,M3,*--M is given. For compactness this 
sequence will be represented by the column vector M and the state- 
vector (a2e3T2122i2u2p)2 by the column vector variable X. The com- 
puted values H1,H2,H3,***Hn corresponding to M will be denoted by 
the column vector H(X). The covariance matrix of M is given by 
The estimation criterion described here is the weighted 
n 
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where EtM) means t h e e x p e c t e d  v a l u e  o f  M and T s t a n d s  f o r  
t r a n s p o s i t i o n .  
a d i a g o n a l  m a t r i x .  
s c a l a r  f u n c t i o n  
F o r  u n c o r r e l a t e d  measurement e r r o r s  i n  M ,  W i s  
The q u a d r a t i c  form to b e  minimized i s  t h e  
Q = [ M - H ( X ) ]  T W -1 [ M - H ( X ) ]  ( 2 2 )  
where [M-H(X)] i s  t h e  s o - c a l l e d  r e s i d u a l s  i n  measurements and 
W - l  t h e  w e i g h t i n g  m a t r i x .  
ponen t s  o f  M obey a j o i n t  n-dimensional  normal  d i s t r i b u t i o n  
w i t h  c o v a r i a n c e  m a t r i x  W ,  t h e  v a l u e  o f  X t h a t  minimizes  equa- 
t i o n  ( 2 2 )  i s  t h e  maximum l i k e l i h o o d  es t imate  o f  t h e  t r u e  v a l u e  
of t h e  p a r a m e t e r s .  
q u a d r a t i c  form Q i s  an extreme w i t h  r e s p e c t  to X i f  t h e  v e c t o r  
f u n c t i o n  
U n d e r  t h e  assumpt ion  t h a t  t h e  com- 
Now, f o r  t h e  n o n l i n e a r  f u n c t i o n  H ( X )  t h e  
F(X) = [ a H ( X )  a x  ] W-l[M-H(X)] = 0 . 
where [r] a H ( X )  i s  a r e c t a n g u l a r  J a c o b i a n  m a t r i x .  
The s t a t e - v e c t o r  X t h a t  ( i )  s a t i s f i e s  e q u a t i o n  ( 2 3 ) ,  (ii) r e n d e r s  
aF - ax a p o s i t i v e  d e f i n i t e ,  and (iii) y i e l d s  t h e  a b s o l u t e  minimum Q 
i n  e q u a t i o n  ( 2 2 ) ,  i s  t h e  des i r ed  s o l u t i o n .  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  for t h e  d e s i r e d  s o l u t i o n .  
s e a r c h  for t h e  d e s i r e d  s o l u t i o n  b y  n u m e r i c a l  methods,  t h e r e  are 
two p o s s i b l e  ma themat i ca l  approaches : 
I n  f a c t  (iii) i s  t h e  
To 
1. to s o l v e  t h e  v e c t o r  f u n c t i o n  F(X) = 0 o f  e q u a t i o n  ( 2 3 )  
and 
2. to minimize t h e  s c a l a r  f u n c t i o n  Q ( X )  o f  e q u a t i o n  ( 2 2 )  
d i r e c t l y  . 
The f o l l o w i n g  methods A ,  B ,  and C u s e  t h e  first approach  and 
method D u s e s  t h e  second  approach .  
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A .  C l a s s i c a l  D i f f e r e n t i a l  C o r r e c t i o n  Method 
A f i r s t  o r d e r  Tay lo r  se r ies  expans ion  o f  H ( X )  about  
an i n i t i a l  es t imate  Xo y i e l d s  
S u b s t i t u t i o n  of e q u a t i o n  ( 2 4 )  i n t o  e q u a t i o n  ( 2 3 )  g i v e s  t h e  
c l a s s i c a l  d i f f e r e n t i a l  c o r r e c t i o n  fo rmula  s u i t a b l e  f o r  i t e r a -  
t i o n  as 
X = Xo t [J T W -1 J1-l F(Xo) 
where J i s  a r e c t a n g u l a r  m a t r i x  symbol ized  b y  
a H ( X o )  
ax J =  
S o l u t i o n  o f  e q u a t i o n  ( 2 5 )  e x i s t s  on ly  when t h e  s o - c a l l e d  normal 
m a t r i x  [ J T W - l J ]  i s  n o n - s i n g u l a r .  
The c o v a r i a n c e  m a t r i x  of e r r o r s  i n  X i n  t h i s  c a s e  i s  
The s q u a r e  roots of t h e  d i a g o n a l  e l e m e n t s  of E y i e l d  t h e  a s so -  
c i a t e d  mean e r r o r  of each  component o f  t h e  s t a t e - v e c t o r .  Also, 
u l l G  , , , a b r r A  E c a ~  h,z ncrma l i zed  tc y i e l d  the c o r r e l a t , i o n s  h e -  
tween  t h e  components b y  d i v i d i n g  t h e  o f f - d i a g o n a l  e l e m e n t s  b y  
t h e  s q u a r e  root of t h e  product  of t h e  c o r r e s p o n d i n g  d i a g o n a l  
e l e m e n t s .  
+hr\ m h + v r ; , r  
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The d i f f e r e n t i a l  c o r r e c t i o n  method r e q u i r e s  an i n i t i a l  
es t imate  Xo s u f f i c i e n t l y  c l o s e  to t h e  d e s i r e d  s o l u t i o n  t h a t  t h e  
i t e r a t i v e  p rocedure  w i l l  converge t o  t h e  s o l u t i o n .  The con- 
s t r a i n t  on t h e  i n i t i a l  e s t i m a t e  i s  a consequence o f  t h e  
l i n e a r i z a t i o n  o f  t h e  h i g h l y  n o n l i n e a r  dynamica l  e q u a t i o n s  o f  
motion.  
B .  Newton-Raphson Method 
Fol lowing  t h e  Newton-Raphson method o f  u n i t y  d imens ion ,  
we have t h e  s o l u t i o n  i n  l i n e a r  p r e d i c t o r  form f o r  t h e  m u l t i -  
d imens iona l  c a s e  o f  e q u a t i o n  ( 2 3 )  as 
For one-dimensional  c a s e s  t h e  e r r o r  i n  t h e  ( n + l ) t h  approx ima t ion  
t o  t h e  s o l u t i o n  i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  of  t h e  e r r o r  i n  
t h e  nth approx ima t ion ,  and i f  t h e  i n i t i a l  es t imate  i s  s u f f i -  
c i e n t l y  c l o s e  t o  t h e  t r u e  s o l u t i o n ,  convergence  i s  a s s u r e d .  A 
s imi l a r  d i s c u s s i o n  of  t h e  convergence p r o p e r t y  for t h e  m u l t i -  
d i m e n s i o n a l  e q u a t i o n  ( 2 8 )  i s  f a i r l y  i n v o l v e d  b u t  i s  cove red  i n  
any s t a n d a r d  n u m e r i c a l  a n a l y s i s  t e x t .  
aF The e x p l i c i t  form of t h e  J a c o b i a n  m a t r i x  - can b e  ax 
o b t a i n e d  by d i f f e r e n t i a t i n g  e q u a t i o n  ( 2 3 )  and i s  
where  ( M - H ) D  r e p r e s e n t s  t h e  nxn s q u a r e  m a t r i x  w i t h  v a n i s h i n g  
e l e m e n t s  e x c e p t  t h e  d i a g o n a l  terms which a re  t h e  c o r r e s p o n d i n g  
e l e m e n t s  of t h e  column ma t r ix  (N-H) .  I n  summation index  form 
e q u a t i o n  ( 2 9 )  can b e  w r i t t e n  as 
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Although comparison shows t h a t  t h e  d i f f e r e n t i a l  
c o r r e c t i o n  method of  e q u a t i o n  ( 2 5 )  can be o b t a i n e d  from t h e  
Newton-Raphson method o f  e q u a t i o n s  ( 2 8 )  and ( 2 9 )  b y  neg lec -  
t i n g  t h e  second p a r t i a l  d e r i v a t i v e  terms i n  e q u a t i o n  ( 2 9 )  , 
t h e  ma themat i ca l  i m p l i c a t i o n  i s  n o t  s o  s i m p l e  and  w i l l  b e  
e x p l o r e d  unde r  method D. 
C .  G e n e r a l i z e d  Newton-Raphson Method 
The t e c h n i q u e  i s  a n  a d a p t a t i o n  o f  an  i dea  advanced 
by D .  F. Davidenko C21 
t i o n s .  Convergence theorems and e x i s t e n c e  o f  s o l u t i o n s  theorems 
w i l l  n o t  b e  i n c l u d e d  i n  t h i s  p a p e r .  
f o r  s o l v i n g  a sys tem o f  n o n l i n e a r  equa- 
L e t  G ( X )  b e  a v e c t o r  f u n c t i o n  o f  a v e c t o r  v a r i a b l e  X ,  
f o r  which i t  i s  d e s i r e d  to f i n d  a v a l u e  o f  X s u c h  t h a t  G ( X )  i s  
z e r o .  Assume X i s  a f u n c t i o n  o f  a s c a l a r  A and  d e f i n e  a new 
ve c t or fun  c t i on 
$ ( A )  = G [ X ( A ) ]  - ( l - A ) G [ X ( O ) ]  9 ( 3 1 )  
where X ( 0 )  i s  an a r b i t r a r y  p o i n t .  The f u n c t i o n  $ ( A )  s a t i s f i e s  
t h e  c o n d i t i o n s  $(O) = 0 and @(1) = G [ X ( l ) ] .  The f u n c t i o n  $ ( A )  
i s  z e r o  if and only  if 3 i s  z e r o .  
( 3 1 )  g i v e s  
D i f f e r e n t i a t i n g  e q u a t i o n  
- - - -  '@  a G  dX + G [ X ( O ) ]  
dA ax dh 
dX d @  The v a l u e s  of dX such  t h a t  - i s  z e r o  d e s c r i b e  an i n t e g r a l  
c u r v e  o f  t h e  form 
dh 
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such  t h a t  G [ X ( A ) ]  - ( l -h)G[X(O)]  i s  z e r o .  The v e c t o r  X ( 1 )  i s  a 
s o l u t i o n  t o  t h e  e q u a t i o n  G ( X )  = 0 .  We a p p l y  t h i s  t e c h n i q u e  t o  
t h e  v e c t o r  f u n c t i o n  F(X) = 0 of e q u a t i o n  ( 2 3 ) .  S u b s t i t u t i n g  
F(X) f o r  G ( X )  i n  e q u a t i o n  ( 3 2 )  a.nd e q u a t i n g  9 to z e r o  g i v e s  i r k  
0 = -- a F  dX + F[X(O)] ax d h  
dX aF 
d h  ax A un ique  s o l u t i o n  for - e x i s t s  i f '  - i s  n o n - s i n g u l a r .  Thus 
and 
( 3 4 )  
By u s i n g  a f i r s t  o r d e r  i n t e g r a t i o n  t e c h n i q u e ,  a r e c u r s i v e  fo rmula  
may b e  d e f i n e d  as 
'i+l = Xi - h l z  aF ) - l  F(Xi) , 
Cnmpar isen nf e q u a t i o n s  ( 2 8 )  and  (37) shows t h a t  t h e  Newton- 
Raphson method i s  a s p e c i a l  c a s e  o f  e q u a t i o n  ( 3 7 )  when t h e  
s t e p - s i z e  v a r i a b l e  h = 1. 
( 3 7 )  
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The i n t e g r a t i o n  t e c h n i q u e  used  i n  e q u a t i o n  ( 3 6 )  i s  
t h e  v a r i a b l e  s t e p - s i z e ,  f o u r t h  o r d e r  Adam-Moulton p r e d i c t o r -  
c o r r e c t o r  method. S i n c e  t h i s  t e c h n i q u e  i s  n o t  s e l f - s t a r t i n g ,  
a f o u r t h  o r d e r  Runge-Kutta p r o c e s s  i s  used  f o r  s t a r t i n g  
v a l u e s .  Variable s t e p - s i z e  i n t e g r a t i o n  t e c h n i q u e  e n a b l e s  t h e  
i n t e g r a t i o n  p a t h  t o  f 'o l iow smoothly along t h e  s ~ l ~ t i ~ n  c u r v e .  
Both t h e  Newton-Raphson and g e n e r a l i z e d  Newton- 
aF Raphson method r e q u i r e  e v a l u a t i o n  of t h e  J a c o b i a n  m a t r i x  ax 
i n v o l v i n g  b o t h  t h e  f i r s t  and second  p a r t i a l  d e r i v a t i v e s  o f  
t h e  f u n c t i o n  H as shown i n  e q u a t i o n  (29). These e v a l u a t i o n s  
are t e d i o u s ,  b u t  p o s s i b l e ,  and a r e  shown i n  Appendix I. 
D .  G e n e r a l i z e d  D i f f e r e n t i a l  C o r r e c t i o n  Method 
Method C d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n  r e d u c e s  
t h e  problem of s o l v i n g  f o r  t h e  z e r o s  o f  a s y s t e m  o f  equa-  
t i o n s  t o  t h a t  of i n t e g r a t i n g  a s e t  of f i r s t  o r d e r  d i f f e r e n t i a l  
e q u a t i o n s .  A p p l i c a t i o n  o f  the same t e c h n i q u e  t o  min imiz ing  
t h e  q u a d r a t i c  form Q ( X )  of e q u a t i o n  ( 2 2 )  d i r e c t l y  i s  based on 
t h e  c o n d i t i o n  t h a t ,  f o r  u n c o r r u p t e d  measurements ,  t h e  quad- 
r a t i c  form Q ( X )  i s  z e r o  i f  and o n l y  i f  t h e  v e c t o r  [ M - H ( X ) ]  
i s  z e r o .  M a t h e m a t i c a l l y  i t  i m p l i e s  t h a t  t h e  a b s o l u t e  minimum 
o f  t h e  q u a d r a t i c  f u n c t i o n  Q ( X )  i s  z e r o .  The a p p l i c a t i o n  
to a c t u a l ,  o r  c o r r u p t e d ,  measurements w i l l  be cove red  l a t e r .  
To s o l v e  t h e  v e c t o r  e q u a t i o n  [M-H(X)] = 0 ,  we 
s u b s t i t u t e  [ M - H ( X ) ]  f o r  G ( X )  i n  e q u a t i o n  ( 3 2 )  and e q u a t e  9 d X  
t o  z e r o .  The r e s u l t i n g  e q u a t i o n  i s  
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a H  The m a t r i x  a~ i s  r e c t a n g u l a r  i f  t h e  number o f  o b s e r v a t i o n s  i s  
g r e a t e r  t h a n  t h e  number o f  p a r a m e t e r s .  It can be shown t h a t  
t h e r e  e x i s t s  a un ique  s o l u t i o n  to e q u a t i o n  ( 3 8 )  i f  t h e  r a n k  o f  
a H  dX - i s  e q u a l  t o  t h e  number of p a r a m e t e r s .  To s o l v e  for - dX ' we ax 
p r e m u l t i p l y  e q u a t i o n  ( 3 8 )  b y  (,XI . The m a t r i x  [ % I T  $ i s  non- 
s i n g u l a r ,  hence 
T a H  
( 3 9 )  
The s o l u t i o n  t o  Q ( X )  = 0 i s  
A s  b e f o r e ,  a r e c u r s i v e  fo rmula  may b e  d e f i n e d  by 
If  t h e  s t e p - s i z e  h i s  u n i t y ,  t h e  fo rmula  i s  t h e  c l a s -  
s i c a l  d i f f e r e n t i a l  c o r r e c t i o n  t e c h n i q u e .  
F o r  any c h o i c e  of  i n i t i a l  e s t i m a t e  X o ,  e q u a t i o n  ( 4 0 )  
converges  t o  a minimum of Q ( X )  w h e t h e r  or n o t  a s o l u t i o n  to 
[ M - H ( X ) ]  = 0 e x i s t s .  T h i s  can be e x p l a i n e d  by t h e  i n t e g r a l  
s o l u t i o n  curve  d e f i n e d  b y  e q u a t i o n  ( 3 3 ) .  The s o l u t i o n  c u r v e  
f a i l s  t o  e x i s t  when dx = 0 .  
which i s  n e c e s s a r y  f o r  a minimum. 
- 0, dX However, dX = 0 i m p l i e s  - dX ax 
I n  a c t u a l  o b s e r v a t i o n s ,  measurements a r e  a lways co r -  
r u p t e d  and t h e  v e c t o r  e q u a t i o n  [ M - H ( X ) ]  i s  nonvan i sh ing  a t  t h e  
a b s o l u t e  minimum. T h i s  co r re sponds  to t h e  f a c t  t h a t  t h e  
a b s o l u t e  minimum of t h e  q u a d r a t i c  f u n c t i o n  Q ( X )  f o r  u n c o r r u p t e d  
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measurements has been  s h i f t e d  and Q ( X )  = 0 has no s o l u t i o n  f o r  
c o r r u p t e d  measurements.  However, e q u a t i o n  ( 4 0 )  s t i l l  can  b e  
u sed  t o  s e a r c h  f o r  a minimum o f  Q(X) b y  t h e  argument i n  t h e  
p r e v i o u s  p a r a g r a p h .  
The p a t t e r n  by which t h e  parameter X seeks t h e  de- 
s i r e d  X depends on t h e  s i g n  o f  t h e  f u n c t i o n  and  t h e  s i g n  of  i t s  
f i r s t  d e r i v a t i v e  a t  an i n i t i a l  es t imate  Xo. S i n c e  b o t h  t h e  
Newton-Raphson method and g e n e r a l i z e d  Newton-Raphson method 
s e a r c h  f o r  z e r o s  o f  F (X) ,  t h e  d e s i r e d  X f o r  which F(X) = 0 
w i l l  b e  t r a c k e d  o n l y  i f  t h e  i n i t i a l  e s t ima te  Xo i s  s u c h  t h a t  
-1 
i s  n o n - s i n g u l a r  between Xo and t h e  d e s i r e d  X .  On t h e  1% 
t h e  o t h e r  hand ,  t h e  g e n e r a l i z e d  d i f f e r e n t i a l  c o r r e c t i o n  method 
s e a r c h e s  f o r  a minimum of a p o s i t i v e  d e f i n i t e  f u n c t i o n  Q(X). 
The d e s i r e d  X f o r  which Q ( X )  i s  a minimum c a n  be  t r a c k e d  i f  t h e  
i n i t i a l  es t imate  Xo i s  s u c h  t h a t  
T E]-’ i s  n o n - s i n g u l a r  
between Xo and t h e  d e s i r e d  X ,  f o r  which a x  = 0 .  
S i n c e  F(X)  i s  t h e  f i r s t  d e r i v a t i v e  o f  Q ( X ) ,  t h e  
independen t  v a r i a b l e  d i s t a n c e  between t h e  n e i g h b o r i n g  ex t remes  
o f  Q ( X )  i s  i n  g e n e r a l  w l d e r  t h a n  t h a t  between t h e  F(X)  = 0 and  
a n e i g h b o r i n g  F( X )  ex t r eme ,  a t  l e a s t  i n  a one-d imens iona l  
a n a l o g y .  Accord ing ly ,  we i n f e r  t h a t  b o t h  t h e  g e n e r a l i z e d  and 
t h e  c l a s s i c a l  d i f f e r e n t i a l  c o r r e c t i o n  methods can  y i e l d  a con- 
ve rgence  r a n g e  of  i n i t i a l  e s t i m a t e  Xo w i d e r  t h a n  b o t h  t h e  
Newton-Raphson and g e n e r a l i z e d  Newton-Raphson methods.  T h e  
v a r i a b l e  s t e p - s i z e  i n t e g r a t i o n  i n  t h e  g e n e r a l i z e d  d i f f e r e n t i a l  
c o r r e c t i o n  method removes t h e  c o n s t r a i n t  o f  l i n e a r i z a t i o n  of  
t h e  c l a s s i c a l  d i f f e r e n t i a l  c o r r e c t i o n  method, and t h e r e f o r e ,  
t h e  g e n e r a l i z e d  d i f f e r e n t i a l  c o r r e c t i o n  method has a w i d e r  
convergence  r a n g e  o f  i n i t i a l  e s t ima te  X t h a n  t h e  c l a s s i c a l  





















BELLCOMM. INC. - 2 2  - 
E .  O the r  Methods 
A r e c e n t  survey  of o t h e r  numer i ca l  methods i s  g i v e n  b y  
S i n c e  t h e s e  methods are  not  s u i t a b l e  f o r  t h e  p r e s e n t  Spang. c31 
a p p l i c a t i o n ,  t h e y  are  n o t  d i s c u s s e d  h e r e .  
V. SIMULATION COMPARISONS 
To s i m p l i f y  s i rnu la t ion  p r o c e s s e s  w i t h o u t  l o s s  o f  
g e n e r a l i t y  w e  assume t h a t  o b s e r v a t i o n s  a re  made a t  t h e  c e n t e r  
of  t h e  E a r t h  a t  an i n f i n i t e  d i s t a n c e  from t h e  p l a n e t  t o  a v o i d  
t h e  c o r r e c t i o n s  of obse rved  da t a .  I n  t h i s  way t h e  t h e o r e t i c a l l y  
computed v a l u e s  H can b e  used d i r e c t l y  as obse rved  da ta  or can 
be  used  b y  i n t r o d u c i n g  n o i s e  w i t h  normal d i s t r i b u t i o n .  The  
s t a t e - v e c t o r  of  a p l a n e t a r y  s a t e l l i t e  w i l l  b e  de t e rmined  i n  
c a s e  ( i )  f o r  a s t a t i o n a r y  p l a n e t  and c a s e  ( i i)  f o r  a r o t a t i n g  
p l ane t  by t h e  f o u r  methods d i s c u s s e d  h e r e i n .  The p r i n c i p a l  a i m  
o f  t h e  s i m u l a t i o n  i s  t o  show t h a t  (1) t h e  s t a t e - v e c t o r  o f  a 
p l a n e t a r y  a r t i f i c a l  s a t e l l i t e  can  b e  a c c u r a t e l y  de t e rmined  
w i t h i n  a few days from t h e  Earth-based Doppler  data  and 
(2) t h e  g e n e r a l i z e d  d i f f e r e n t i a l  c o r r e c t i o n  method can y i e l d  a 
convergence  r a n g e  o f  i n i t i a l  es t imate  Xo w i d e r  t h a n  t h e  o t h e r  
methods.  
A .  S t a t i o n a r y  P l a n e t  
T h i s  i s  t h e  s i t u a t i o n  c o r r e s p o n d i n g  t o  t h e  s p e c t r o -  
s c o p i c  b i n a r y  s t a r  c a s e .  Excluding t h e  g e n e r a l  s i n g u l a r  s i t u -  
a t i o n s  (1) when e i s  z e r o ,  w and T a r e  unde f ined  and (2) when 
i i s  z e r o ,  L? i s  u n d e f i n e d ,  we n o t e  t h a t  t h e  s t a t i o n a r y  p l a n e t  
c a s e  has two a d d i t i o n a l  " i n t r i n s i c "  s i n g u l a r  s i t u a t i o n .  The 
f i r s t  c o r r e s p o n d s  t o  t h e  " i n f i n i t e "  degeneracy  i n  t h e  l o n g i t u d e  
of t h e  a s c e n d i n g  node R f o r  o r b i t a l  p l a n e s  o f  f i x e d  i n c l i n a t i o n  
i arid IT - i .  O b s e r v a t i o n a i i y  i n i s  means L r i a i  ariy u i s b i t  w i t h  
f i x e d  a ,  e ,  T, i ,  W ,  and 1-1 but d i f f e r e n t  52 w i l l  have  t h e  same 
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Doppler  t i m e  h i s t o r y .  
degeneracy  i s  i n d i c a t e d  by  t h e  f a c t  t h a t  when i f  = 0 ,  R d r o p s  
o u t  of e q u a t i o n  (11). The  f irst  p a r t i a l  d e r i v a t i v e s  w i t h  re-  
s p e c t  t o  R v a n i s h e s  bu t  t h e  p a r t i a l  s t a t e - v e c t o r  ( a , e , T , i , w , u )  
s t i l l  can b e  e v a l u a t e d .  The second s i n g u l a r  c a s e  o c c u r s  when 
t h e  i n c l i n a t i o n  i i s  - o r  7. 3 n  
Doppler  e f f e c t  i f i  t h i s  C ~ S P  and m a t h e m a t i c a l l y  3,- = 0 s i n c e  
Mathemat ica l ly  t h i s  o b s e r v a t i o n a l  
TI O b s e r v a t i o n a l l y  t h e r e  i s  no 
a H  
2 
V I  
- -  a A  - 0 as seen from Appendix I .  a i  
Without c o n s i d e r i n g  s i n g u l a r  c a s e s  f o r  s i m u l a t i o n ,  t h e  
f o l l o w i n g  s e t  of pa rame te r s  was a r b i t r a r i l y  chosen f o r  t e s t i n g  
and e v a l u a t i n g  purposes  : 
a = 2788 k m  
e = 0 . 2 8 9  
T = 0 min 
i = 40' 
= 2 8 3 O  
3 2 
1-1 = 1 . 7 7  x lo7 km /min 
The  above s e t  o f  pa rame te r s  i s  s u b s t i t u t e d  i n  e q u a t i o n  (11) to 
compute t h e  t h e o r e t i c a l  rad ia l  r a n g e - r a t e  H ( X ) .  O b s e r v a t i o n a l  
d a t a  M are  s i m u l a t e d  by t r u n c a t i n g  t h e  t h e o r e t i c a l  v a l u e  H(X) 
t o  an a p p r o p r i a t e  number of  s i g n i f i c a n t  f i g u r e s  c o r r e s p o n d i n g  
t o  a c t u a l  r a n g e - r a t e  measurement accu racy .  Fo r  t h e  c a s e  shown 
h e r e i n ,  w e  a r b i t r a r i l y  t r u n c a t e d  to t h r e e  s i g n i f i c a n t  f i g u r e s  
b y  d ropp ing  t h e  f o u r t h  s i g n i f i c a n t  f i g u r e  when i t  i s  l e s s  t h a n  
f i v e  and add ing  one t o  t h e  t h i r d  s i g n i f i c a n t  f i g u r e  when i t  i s  
e q u a l  t o  o r  more t h a n  f i v e .  Noise  p a t t e r n  o b t a i n e d  t h i s  way 
may n o t  approach  t h e  assumed normal  d i s t r i b u t i o n .  A p r o p e r  
way of i n t r o d u c i n g  n o i s e  i n  t h e  t h e o r e t i c a l  data  i s  t o  have  a 
no rma l ly  d i s t r i b u t e d  n o i s e  g e n e r a t o r  i n c o r p o r a t e d  i n  t h e  pro-  
gramming. S i n c e  t h e  a c t u a l  r a n g e - r a t e  measurement accu racy  i s  
I 
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b e t t e r  t h a n  th ree  s i g n i f i c a n t  f i g u r e s ,  t h e  d e v i a t i o n s  o f  t h e  
parameters from t h e  t r u e  v a l u e s  a r e  c o n s e r v a t i v e .  The r e s u l t s  
o f  t h e  s i m u l a t i o n  a r e  shown i n  Tab le  I .  
I n i t i a l  computat ions u s i n g  s i n g l e  p r e c i s i o n  on t h e  
Univac 1108 show t h a t  t h e  r e s u l t s  o f  i t e r a t i v e  convergence  
p r o c e s s e s  d i f f e r  f o r  s l i g h t l y  d i f f e r e n t  i n i t i a l  e s t i m a t e s ,  
i n d i c a t i n g  problems i n  ma t r ix  i n v e r s i o n .  When doub le  p r e c i s i o n  
i s  used  th roughou t  t h e  computa t ions ,  a t  l ea s t  t h e  f i r s t  e i g h t  
s i g n i f i c a n t  f i g u r e s  i n  t h e  p r i n t - o u t  show c o n s i s t e n c y  and ,  
t h e r e f o r e ,  accu racy  i n  computa t ions .  A l l  r e s u l t s  shown a r e  
o b t a i n e d  b y  programming w i t h  doub le  p r e c i s i o n .  
T a b l e  I i s  des igned  to show t h e  i n i t i a l  e s t i m a t e  r a n g e  
w i t h i n  which t h e  f o u r  above-mentioned methods can converge  t o  
t h e  b e s t  es t imate .  It  i s  seen  t h a t  t h e  g e n e r a l i z e d  d i f f e r e n t i a l  
c o r r e c t i o n  method has t h e  w i d e s t  r ange  and t h e  c l a s s i c a l  d i f f e r -  
e n t i a l  c o r r e c t i o n  method t h e  n e x t .  The Newton-Raphson and 
g e n e r a l i z e d  Newton-Raphson methods have a lmost  t h e  same narrow- 
e s t  r ange .  From t h e  r e s u l t s  shown and t h e  f a c t  t h a t  t h e  
g e n e r a l i z e d  d i f f e r e n t i a l  c o r r e c t i o n  method r e q u i r e s  much more 
computer t i m e  t h a n  tiie c l a s s i c a l  d i f f e r e n t i a l  c o r r e c t i o n  method 
( a  r a t i o  o f  about  1O:l) w e  can conc lude  t h a t  f o r  any g i v e n  
i n i t i a l  es t imate  Xo we should  g e n e r a l l y  app ly  t h e  c l a s s i c a l  
d i f f e r e n t i a l  c o r r e c t i o n  method f i r s t .  I n  c a s e  t h e  c l a s s i c a l  
method f a i l s  t o  converge ,  we can t h e n  a p p l y  t h e  g e n e r a l i z e d  
d i f f e r e n t i a l  c o r r e c t i o n  m e t h o d .  I f  t h e  g e n e r a l i z e d  method a l s o  
f a i l s  t o  conve rge ,  t h e  i n i t i a l  es t imate  Xo h a s  to be r e v i s e d .  
Note  i n  T a b l e  I t h a t  ax a F  - 0 between a = 2677.0 and a = 2677.8.  
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B. Moving P l a n e t  
I n  t h i s  c a s e  t h e  degeneracy i n  o b s e r v a t i o n  i s  removed. 
For a slow moving p l a n e t  t h e  normal  m a t r i x  may b e  ill- 
c o n d i t i o n e d ,  b u t  no t  s i n g u l a r ,  and t h e  s t a t e - v e c t o r  a c c u r a c y ,  
e s p e c i a l l y  i n  t h e  p a r a m e t e r  R, i n c r e a s e s  as t h e  number o f  
o r b i t s  t r a c k e d  i n c r e a s e s .  
I n  a n  a t t e m p t  t o  e s t i m a t e  i n  a minimum number o f  
o r b i t s  t h e  s t a t e - v e c t o r  of  a s a t e l l i t e  o f  a s l o w l y  moving d i s -  
t a n t  p l a n e t ,  w e  r e a l i z e  t h a t  t h e  near -degeneracy  n a t u r e  of  t h e  
p a r a m e t e r  R i s  s t i l l  a problem. For Mars d u r i n g  o p p o s i t i o n s  
t h e  r e l a t i v e  a n g u l a r  d i sp lacement  w i t h  r e s p e c t  t o  t h e  E a r t h  i s  
l e s s  t h a n  one-half  o f  a degree  p e r  day. The near -degeneracy  
i s  i n d i c a t e d  b y  t h e  f a c t  t h a t  convergence  does  n o t  t a k e  p l a c e  
u n t i l  t h e  i n i t i a l  es t imates  o f  t h e  parameters o t h e r  t h a n  Q are  
v e r y  c l o s e  t o  t h e  d e s i r e d  v a l u e s .  T o  c i rcumvent  t h e  d i f f i c u l t y ,  
w e  app ly  t h e  o b s e r v a t i o n a l  d a t a  from t h e  f i r s t  o r b i t  of t h e  
s a t e l l i t e  of a s l o w l y  moving d i s t a n t  p l a n e t  t o  t h e  s t a t i o n a r y  
p l a n e t  c a s e  f i r s t  and o b t a i n  a n  approx ima te  p a r t i a l  s t a t e -  
v e c t o r  ( a ,  e ,  T, W ,  i ) .  U s i n g  t h e  approx ima te  p a r t i a l  s t a t e -  
v e c t o r  t h u s  o b t a i n e d  and any es t imate  o f  t h e  p a r a m e t e r  Q, w e  
can q u i c k l y  d e t e r m i n e  a new s t a t e - v e c t o r  e s t i m a t e  i n c l u d i n g  
t h e  p a r a m e t e r  Q. If  i t  i s  assumed t h a t  no s y s t e m a t i c  e r r o r  
i s  i n t r o d u c e d  i n  t h e  measurements and n o i s e  i s  normal ly  d i s t r i -  
b u t e d ,  t h e  accu racy  of  t h e  complete s t a t e - v e c t o r  estimate in -  
c r e a s e s  as ( a )  t h e  number of o r b i t s  t r a c k e d  i n c r e a s e s ,  ( b )  t h e  
number of s i g n i f i c a n t  f i g u r e s  used  i n  t h e  s i m u l a t e d  measurements 
i n c r e a s e s ,  and ( c )  t h e  d a t a  sample r a t e  i n c r e a s e s  ( t o  t h e  e x t e n t  
t h a t  data  are  n o t  c o r r e l a t e d ) .  The s i m u l a t i o n  r e s u l t s  a re  shown 
i n  T a b l e  11. 
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Conse rva t ive  one-sigma u n c e r t a i n t y  f o r  r a n g e - r a t e  
measurement i s  abou t  m/sec. The t h e o r e t i c a l  maximum and 
minimum r a d i a l  v e l o c i t i e s  of  a p l a n e t a r y  s a t e l l i t e  o f  Mars 
w i t h  t h e  f o l l o w i n g  pa rame te r s  are  about  9.039 x l o 3  km/hr  and 
3 0 . 4 2 2 8  x 1 0  km/hr, r e s p e c t i v e l y ,  f o r  data  p o i n t s  s e p a r a t e d  b y  
0.9 hr: 
a = 1 4 , 0 4 0  km 
e = 0 . 7  
i = 40" 
w = 30" 
n = 500 
3 2  p = 5.5637 x k m  / h r  
The s a t e l l i t e  p e r i o d  i s  about 1 4  h r s .  To match t h e  r a n g e - r a t e  
measurement accu racy  f o r  t h e  c a s e  shown w e  can u s e  t h e  simu- 
l a t e d  o b s e r v a t i o n a l  da ta  t o  8 and 7 s i g n i f i c a n t  f i g u r e s ,  
r e s p e c t i v e l y ,  f o r  t h e  maximum and minimum r a d i a l  v e l o c i t i e s .  
For a da ta  sample r a t e  o t h e r  t h a n  once e v e r y  0.9 h r . ,  t h e  
number of s i g n i f i c a n t  f i g u r e s  to b e  used  f o r  minimum r a d i a l  
v e l o c i t y  may b e  r educed  if t h e  minimum i s  v e r y  c l o s e  t o  a z e r o  
c r o s s i n g  of t h e  p e r i o d i c  Doppler s h i f t  c u r v e .  
T a b l e  I1 i n d i c a t e s  t h a t  t h e  s t a t e - v e c t o r  o f  a p l ane -  
t a r y  s a t e l l i t e  can b e  determJned t o  p r e s c r i b e d  accu racy  w i t h i n  
a f e w  days i n s t e a d  of  a f e w  months as d e s c r i b e d  by Deutsch 
in h i s  a d a p t a t i o n  o f  t h e  s p e c t r o s c o p i c  b i n a r y  s t a r  t e c h n i q u e .  
The f a c t  t h a t  t he  pa rame te r  d e v i a t i o n s  drop  o f f , b u t  
C4 ,5 l  
n n t  srr,octhl;; 8 s  t h e  n u m b e r  cf data p c i n t s  i n c r e a s e s  i s  a n  indiz 
c a t i o n  t h a t  t h e  s i m u l a t e d  n o i s e  i n t r o d u c e d  b y  round ing  o f f  
p r o c e s s e s  does  n o t  have a normal d i s t r i b u t i o n  and may have a 
small b i a s .  
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Inspec t ion  of equat ion (11) shows t h a t  o r b i t s  w i t h  
i, .Q and IT - i, IT - .Q are degenerate when . Q 1  = 0 .  For plane- 
t a r y  s a t e l l i t e s  R '  i n  general  does n o t  vanish and t h e o r e t i -  
c a l l y  degeneracy should not  be  a problem.  
V I .  GENERAL STATISTICAL ESTIMATION CRITERION 
For genera l  cases  o f  a r o t a t i n g  E a r t h  a t  f i n i t e  
d i s t a n c e  from a moving p lane t ,  equat ion (15)  becomes 
where Mi r ep resen t s  t h e  only measured quan t i ty  o f  range-rate  
a t  t = ti. 
A A 
The term (pi6e i )g , i  O Z !  -l can be expressed a s :  
The r e s i d u a l  of  equat ion ( 4 2 )  i s :  
. I ".. 
The l e a s t  square es t imat ion  c r i t e r i o n  then  is: 
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where 
a i  a; - 
ax ax - - - -  
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, 
and 
a r  
ax 
a; - - 
It i s  s e e n  t h a t  f o r  g e n e r a l  c a s e s  b o t h  ax and - a r e  nece9-  
s a r y  i n  t h e  s t a t e - v e c t o r  e s t i m a t i o n .  The components o f  - 
a r e  shown i n  Appendix I and t h o s e  of  - a r e  shown i n  Appendix 
11. Second p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  - r have n o t  
been  e v a l u a t e d ,  s i n c e  o n l y  the  c l a s s i c a l  d i f f e r e n t i a l  c o r r e c -  
t i o n  method and g e n e r a l i z e d  d i f f e r e n t i a l  c o r r e c t i o n  method 







From e q u a t i o n  ( 4 5 )  w e  n o t e  t ha t  t h e  g e n e r a l  l e a s t  
s q u a r e s  e s t i m a t i o n  c r i t e r i o n  w i l l  be  r educed  t o  t h e  conven- 
t i o n a l  c a s e  if z '  i s  t a k e n  t o  be  p and use  i s  made of  t h e  
o r t h o g o n a l i t y  r e l a t i o n  between ax and - p .  Thus i f  - z '  = e,  
e q u a t i o n  ( 4 5 )  becomes 
h A 
A- - 
a!2. ,. A h 
S i m u l a t i o n  r e s u l t s  f o r  g e n e r a l  c a s e s  u s i n g  e q u a t i o n  
( 4 5 )  as a c r i t e r i o n  a r e  i n  agreement  w i t h  t h o s e  shown i n  
T a b l e s  I and 11. T h i s  conf i rms  t h e  c o n c l u s i o n  t ha t  i n  g e n e r a l  
t h e  l o n g i t u d e  of t h e  a scend ing  node of a p l a n e t a r y  s a t e l l i t e  
c a n  be d e t e r m i n e d  to p r e s c r i b e d  accu racy  w i t h  a few d a y s  of  
Earth-based r a n g e - r a t e  measurements . 
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Comparison of  s i m u l a t i o n  r e s u l t s  u s i n g  e q u a t i o n  ( 4 5 )  
w i t h  t h o s e  u s i n g  e q u a t i o n  ( 4 8 )  f o r  t h e  t h e o r e t i c a l  o r b i t a l  
e l emen t s  and o r b i t a l  o r i e n t a t i o n  shown i n  T a b l e  I1 shows t h a t  
d i f f e r e n c e s  are  i n  t h e  e i g h t h  s i g n i f i c a n t  f i g u r e .  Al though 
f o r  t h e  c a s e s  s t u d i e d  t h e  s t a t e - v e c t o r  estimates o b t a i n e d  b y  
u s i n g  e q u a t i o n  ( 4 5 )  a p p e a r  to be c l o s e r  t o  t h e  r e s p e c t i v e  
t h e o r e t i c a l  v a l u e s  t h a n  t h o s e  o b t a i n e d  b y  u s i n g  e q u a t i o n  ( 4 8 ) ,  
i t  i s  i n f e r r e d  t h a t  t h e  s i t u a t i o n  i s  h i g h l y  dependent  upon t h e  
c h o i c e  o f  o r b i t a l  e l emen t s  and o r b i t a l  o r i e n t a t i o n .  F u r t h e r  
s t u d y  i n  t h i s  r e s p e c t  i s  desirable .  
V I I .  PERTURBATIONS DUE TO AN OBLATE PLANET 
The e q u a t o r i a l  bu lge  o f  a planet  c a u s e s  t h e  o r b i t a l  
p l a n e  o f  i t s  s a t e l l i t e  t o  r e g r e s s ,  and  t h e  t r u e  o r b i t  i s  no 
l o n g e r  K e p l e r i a n  w i t h  c o n s t a n t  e l e m e n t s  b u t  o s c u l a t i n g  w i t h  
v a r y i n g  e l e m e n t s .  To  take accoun t  o f  t h i s  p e r t u r b i n g  e f f e c t  
t he  a n a l y s i s  p r e s e n t e d  above has t o  be  m o d i f i e d  by s i m p l e  
a p p r o x i m a t i o n s .  
K e p l e r i a n  or o s c u l a t i n g  and 
E q u a t i o n  (1) and ( 2 )  h o l d  t r u e  whether t h e  o r b i t  i s  
2 a(1-e ) 
l + e  c o s f  r =  (49) 
r e m a i n s  c o r r e c t  i n  t h e  o s c u l a t i n g  s e n s e  i f  we l e t  a = a ( t ) ,  e = e ( t ) ,  
and f b e  d e f i n e d  b y  t h e  K e p l e r ' s  e q u a t i o n  (13 )  w i t h  . r = . r ( t ) ,  
Q=Q(t ) ,  i= i ( t ) ,  and w = w ( t ) .  It can  be  shown tha t  e q u a t i o n  (11) 
r e m a i n s  v a l i d  for a n  o s c u l a t i n g  o r b i t  i f  t h e  e l e m e n t s  a , e , . r , Q , i , w  
are i n  a p p r o p r i a t e  t ime-vary ing  fo rms .  G e n e r a l  p e r t u r b a t i o n s  
t h e o r y  has shown t h a t  t h e  o b l a t e n e s s  e f f e c t s  o f  a c e n t r a l  body on 
a s a t e l l i t e  c a n  be e x p r e s s e d  by a t i m e - v a r y i n g  s t a t e - v e c t o r  of 
t h e  s a t e l l i t e  i n  terms of t h e  s p h e r i c a l  harmonic components o f  
t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  t h e  c e n t r a l  body. The p e r t u r b a -  
t i o n s  c a n  be grouped  i n t o  (1) s e c u l a r  v a r i a t i o n s ,  (ii) long-pe r iod  
v a r i a t i o n s ,  and  (iii) s h o r t - p e r i o d  v a r i a t i o n s .  Kozai  has shown 
t h a t  f o r  t he  f i r s t  o r d e r  s e c u l a r  p e r t u r b a t i o n  t h e  s h o r t - p e r i o d  
v a r i a t i o n s  i n  a ,e ,  and i can  be  c o n s i d e r e d  as t i m e  i n d e p e n d e n t  and 
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2 
n ( t )  = Ro' - - 3 Re 2 2  J 2 K ( c o s i ) ( t - t o )  = n o - i ( t - t o )  
a 2 ( l - e  
2 J n ( 4 - 5 s i n  i ) ( t - t o )  2 2  2 
3 u ( t >  = uo + -q 2 a (1-e ) 
m ( t )  = mo + n(t-to) , w i t h  mo =e ( t o - ~ o )  
where  
3 
J 2  is t h e  v a l u e  o f  t h e  second  harmonic component o f  
t h e  c e n t r a l  body p o t e n t i a l ,  
Re i s  t h e  e q u a t o r i a l  r a d i u s  of t h e  c e n t r a l  body,  and 
R O , u O ,  and mo are t h e  i n i t i a l  v a l u e s  ( a t  t= to)  from 
which p e r i o d i c  p e r t u r b a t i o n s  have been  removed. 
H i g h e r  o r d e r  s e c u l a r  v a r i a t i o n  terms and long-pe r iod  v a r i a t i o n  
terms i n v o l v i n g  h i g h e r  o r d e r  harmonic components J3 ,  J 4  have  
b e e n  o b t a i n e d  by BrouwerC7'.  
to t h e  p l a n e t a r y  e q u a t o r i a l  p l a n e ,  a t r a n s f o r m a t i o n  of e q u a t i o n  
(11) to t h a t  p l a n e  a t  t = to i s  n e c e s s a r y  t o  u s e  e q u a t i o n  (50). 
If w e  assume for mathemat i ca l  s i m p l i c i t y  t h a t  t h e  " i n e r t , T a l "  
p l a n e  XY i s  t h e  p l a n e t a r y  e q u a t o r i a l  p l a n e ,  t h e n  e q u a t i o n  ( 5 0 )  
can  b e  s u b s t i t u t e d  d i r - e c t l y  i n t o  e q u a t i o n s  (11) and ( 1 3 )  f o r  
t h e  s t a t e - v e c t o r  e v a l u a t i o n  as  w e l l  as t h e  J 2  e v a l u a t i o n .  
S i n c e  e q u a t i o n  (50) i s  r e f e r r e d  
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The exact evaluations of the partial derivatives are 
considerably complicated by the presence of the terms contain- 
ing J2 together with a, e, i. For the classical differential 
correction and the Newton-Raphson methods, the iteration pro- 
cesses are not particularly sensitive to the partial deriva- 
tives and we suspect that the partial derivatives shown in 
Appendix I may be used to obtain the desired solution. For the 
generalized differential correction method exact evaluations 
are necessary, otherwise the integration process will not be 
able to follow the solution curve. If the parameter J- is to 
I1 
be estimated, the evaluation of - a H  is also necessary. 
a Jn 
TO 
obtain simulation results involving the perturbation effects 
of an oblate planet also requires considerable revision of the 
existing computer program. Other perturbing forces due to the 
Sun and Earth can be incorporated in a similar fashion, when 
their effects on the satellite are expressed in appropriate 
time-varying form resembling equation ( 5 0 ) .  
VIII. CONCLUSIONS 
The state-vector of a planetary artificial satellite 
is determined by using Earth-based range-rate measurements. 
The satellite velocity component in the direction from the 
planet-center to Earth-center instead of that from the satel- 
lite to an observation station is computed in a theoretical 
model. The relatively simple least squares estimation criterion 
thus obtained for the case of a planet at infinite distance 
facilitates the comparison study of numerical methods of solv- 
ing a system of nonlinear equations. 
Simulation results obtained by programming in double 
precision show that i h e  iongiiude or" the ascending node or^ a 
planetary satellite can be determined to prescribed accuracy 
within a few days of tracking. 
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The comparison study is made among (1) classical 
differential correction method, (2) Newton-Raphson method, 
(3) generalized differential correction method, and (4) 
generalized Newton-Raphson method. It indicates that the new 
generalized differential correction method has a convergence 
rmge of initial estimate wider than the other methods. The 
extension in the convergence range of initial estimate enhances 
the success of obtaining a preliminary state-vector in a short 
tracking period and is particularly important in planetary 
missions. 
The effects of perturbations of non-central forces 
on the satellite can be incorporated in the formulation with- 
out resorting to numerical integration. 
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TABLE I SIMULATION RESULTS 
SAMPLING RATE: ONE EVERY FIVE MINUTES 
I PARAMETERS I THEORETICAL 











1.77 X lo7 
I PERIOD (MIN) I 219.853 
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Evaluations of the First and Second Partial Derivatives 
H = - [  { [Sin i Cos i f  - Cos i Sin i' ( C o s  R Cos R' 
a(1-e ) 
+ Sin R Sin R')] [cos(w+f) + e cos W] 
+ [(sin R Cos R' - cos R Sin R') Sin i'] [sin(w+f> + e Sin u 3  . 1 
Let H = K(ADc + BFs),  
1 
where 
D = C + e C o s  W; c = c o s  (w+f). C 
F = S + e Sin w; S = Sin (w+f). 
S 
A = Sin i Cos if - Cos i Sin i' (Cos R cos R' 
+ Sin R S i n  n ' ) .  
B =  (Sin R cos R' - Cos R Sin R') Sin it. 
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a f  - a H  - -- - K(AS-BC) aa . 
aa 2a 
a f  - - - -  eH aH K[(AS-BC> ae - A cos  w - B S i n  w ]  . 2 a e  1-e 
- -  a H  - -K(AFs - BDc). 
a m  
3 a f  - = 3 K (lte cos f >  aa 2 a p  
2 ( t - . r >  . 
- -  a f  - sin ( 2  t e ~ o s  f >  . 
ae 2 1 - e  
- -  'A - ~ o s  i ~ o s  i t  t (cos  Q ~ o s  a t  t S i n  a S i n  a t >  S i n  i S i n  i t  . a 1  
a A  - = ( S i n  R Cos a '  - Cos Q Sin  a t )  Cos i S i n  i t  . a a  
- (Cos Cos .Q' t Sin Q Sin a t >  S i n  i t  aB - -  aa 
A P P E N D I X  I 
(=) + (AS-BC)  2 a f  
2 
a - r .  
2 
- -  a H - K -  a 2 A  D = -KADc.  
a i  2 a i 2  e 
- -  - - H ,  a 2H 
2 a m  
- a2H = K($ D - BFs) 
2 c  a Q 2  
2 aa aa 
S i n  f cos  f + [ 2  Cos f (l+e C o s  f )  + el - =  a 2 f  1 2 1-e 2 ae 
A P P E N D I X  I - 4 -  
2 ? 1 1 
- -  a A - ( c o s  n ~ o s  n 
a n 2  
t Sin  R S i n  a ~ o s  i S in  i . 
a f  ar -- - - a H -  -- -- - 2 
a a a T  a T a a  2a a T  ( A C t B S )  E - + (AS-BC) a 2 H  - 
a 2H a H -  a H  K ( Z S  - - aB c )  - .  a f  2 a a a n  a n a a  2a a n  a n  a n  aa 
- - - . = - = - - -  a *H a 2H 
a e a u  a u a e  2~ ae ( A C t B S )  E a f  7; a f  + (AS-BC) 
aeai  a iae  
A P P E N D I X  I - 5 -  
- - - = -  a n  a n  
a 2H e 2 a H -  
a e a n  a n a e  l-e 
a f  2 2 - - - - - - -  a H -  a - I a H  K ( A C + B S )  a u a w  sua11 211 a w  
APPENDIX I - 6 -  
a 2H a 2A a 2 H  - 
KDc m' - - - =  a i a n  a n a i  
r 1 
? ? ? 
- =  a2' ( c o s  fi S i n  n - Sin cos S i n  i S i n  i . a i a n  
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APPENDIX I1 
Evaluation of the First Partial Derivatives 
Let 
where 
h = r(AS-BC), 
2 a(1-e ) 
l+e  c o s f ’  
p = -  
and A, B, C, and S are defined in Appendix I. 
ah - h af - -  aa a - + L z  9 
- 
2e cos f f af , + L Z  J ah - = + lte cosf  ae i il-e 
BELLCOMM, I N C .  
APPENDIX I1 
- 2 -  
- = r - S  ah a A  
a i  a i  J 
= r(AC+BS) a @  
where 
e Sin + r(AC+BS). L =  l + e  cosf 
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